T is 2 ↔ 3 symmetric, i.e. T 23 M ν T 23 = M ν , independently of the structure of M R . Without referring to the explicit parameter values, it is pointed out that such a model inevitably leads not only to m ν3 = 0, but also to m e3 = 0. Only when the right-handed fields f Ri also obey the 2 ↔ 3 symmetry, we can obtain m f 3 = 0. This suggests that we should go to a GUT model.
Introduction
We usually consider that the quarks and leptons should be understood by a unification theory. Then, the concept of "symmetry" will become important in the understanding of "flavor". It is well-known that the requirement of the 2 ↔ 3 symmetry [1] for the neutrino mass matrix leads to the maximal mixing between the ν 2 and ν 3 components. The idea of the the 2 ↔ 3 symmetry is very promising for understanding the observed neutrino mixing. However, from the point of view of the model-building, in the seesaw neutrino mass matrix, there are several versions of the 2 ↔ 3 symmetry as we state below. When a matrix M satisfies the relation It is well known that this symmetry is useful for the phenomenological description of the neutrino mass matrix. In the seesaw neutrino mass matrix model
where m ν L is a neutrino Dirac mass matrix which is defined byν L m ν L ν R and M R is a Majorana mass matrix of the right-handed neutrinos 5) so that the neutrino mass matrix M ν satisfies the relation (1.1). (Hereafter, we will refer to the model with the constraints (1.5) as Model C.) However, we consider that it is unnatural to require the same constraint (1.1) for both of m ν L and M R , because M R is generated at a completely different energy scale from that of m ν L . Especially, in the SU(5) grand unification (GUT) model, since ν R is a singlet of SU (5), the structure of M R may be quite different from those of the Dirac mass matrices of the quarks and leptons. In the present paper, we will propose a model in which the neutrino mass matrix M ν described in (1.4) satisfies the constraint (1.1), but it is entirely independent of the structure of M R .
In principle, the transformation property of the left-handed fields (ν i , e i ) L may be different from that of the right-handed fields ν Ri and e Ri : if we assume the 2 ↔ 3 exchange only for the left-handed neutrino fields ν L = (ν 1 , ν 2 , ν 3 ) L , the requirement of the 2 ↔ 3 symmetry demands the relation 6) for the neutrino Dirac mass matrix m ν L , differently from (1.5). Then, the neutrino mass matrix M ν again satisfies the relation (1.1), similarly to (1.5), but independently of the structure of M R , because
Such a matrix form of m ν L is explicitly expressed as
The model with the constraint (1.6) will be classified into two cases, Model A and Model B, in Sec.3.) Although the present model (Models A and B) seems to be less constrained since the Majorana mass matrix M R is free from the 2 ↔ 3 symmetry, the neutrino mass matrix M ν has a more strictly limited form than the form (1.3), because the matrix must satisfy the constraints
The explicit form is given by
differently from the form (1.3). This constraint M 22 = M 33 = M 23 = M 32 will give the very severe constraint on the mass spectrum as we will see later.
In the present paper, we will give a general study without referring an explicit model of the parameters. And, we will find that the requirement
leads not only to m ν3 = 0, but also to m e3 = 0. Therefore, in such a model with the exact 2 ↔ 3 symmetry (with keeping the M R independence), we are forced to consider an SU(5)-GUT model, in which the 2 ↔ 3 symmetry is imposed not only for (ν Li , e Li ), but also for e Ri , so that we have constraints, T 23 m ν L = m ν L in the neutrino sector, while T 23 m e L T 23 = m e L in the charged lepton sector. Finally, in Sec.5, we will summarize the relations of the cases (A)
Neutrino mass spectrum
Generally, the mass matrix (1.3), for the case with real matrix parameters, is diagonalized as
where
3)
Obviously, the present model with b = c gives m 3 = 0.
For the case with complex parameters, we must diagonalize the Hermitian matrix H = M M † , which can be expressed as 5) where a = |a|e iα , b = |b|e iβ , c = |c|e iγ , d = |d|e iδ , and
(2.6) Therefore, when we define the phase matrix
we can obtain the real mass matrix H
Therefore, the matrix H is diagonalized by the mixing matrix U = P (φ)R(θ), so that we obtain the mass spectrum
similar to Eq.(2.4). Since the requirement of the 2 ↔ 3 symmetry for ν L means not only |b| = |c|, but also β = γ as seen in (1.9), the present model with (1.6), even with complex parameters, again gives m ν3 = 0. (2.10)
It is tempted to interpret this as the inverse hierarchy of the neutrino masses. However, the result (2.10) does not always mean the inverse hierarchy as we discuss in Sec.4.
3 Charged lepton mass spectrum The transformation property (1.6) is due to the transformation for the lepton doublets ℓ Li = (ν Li , e Li ), so that the mass matrix m e L for the charged leptons must also satisfy the relation
Then, the explicit form of m e L is also given by 2) where the parameters a, b, · · · in m e L need not be identical with those in m ν L . Therefore, we obtain the Hermitian matrix
The diagonalization of the matrix (3.3) has already been done in Eqs.(2.5)-(2.9), so that we also conclude that (m e3 ) 2 = 0. This obviously contradicts the observed fact. Even if we consider an antisymmetric 2 ↔ 3 operation, or a more general transformation T 23 (δ) (for example, see Ref. [2] ), we cannot avoid the conclusion m e3 = 0, because we can always choose a real matrix
by adjusting a phase matrix P 23 . Hereafter, we will refer to the model with the constraints (1.6) and (3.1) as Model A.
So far, we have considered that the 2 ↔ 3 symmetry is applicable only for the SU(2) L doublet fermions (ν i , e i ) L . Now, there is another possibility that the fields e R simultaneously transform as well as
(3.5)
The case (3.5) may be realized in an SU (5)-GUT model. In this case, the constraint (3.1) does not hold, and only the constraint 6) is imposed in the charged lepton sector. (Hereafter, we will refer to the model with the constraints (1.6) and (3.6) as Model B.) The explicit form of m e L is given by
so that we obtain
(3.9) Therefore, since m 2 e3 = B − C = |b| 2 + |c| 2 − 2|b||c| cos(β − γ), we can obtain m e3 = 0 when b = c.
In conclusion in this section, as far as we consider a 2 ↔ 3 symmetric neutrino mass matrix model which is independent of the structure of M R , we must also take the constraint (3.1), i.e. Model A, so that we obtain not only m ν3 = 0, but also m e3 = 0. A way to avoid this situation may be to consider a small deviation from the 2 ↔ 3 symmetry (hereafter, we will refer Model A with a small 2 ↔ 3 symmetry breakin as Model A ′ ). The case will lead to the mass hierarchy m 2 e2 > m 2 e1 > m 2 e3 ≃ 0 [i.e. the case (e, µ, τ ) = (e 3 , e 1 , e 2 )]. However, Model A ′ is somewhat artificial as far as the origin of the deviation is not explained quantitatively. Rather, it is natural to consider an SU(5)-GUT type model (Model B), in which the right-handed charged leptons are also transformed as Eq. (3.5) . In Model B, too, we are interested in the case with the mass hierarchy m 2 e2 > m 2 e1 > m 2 e3 , because C e ≃ B e (i.e. c e ≃ b e ) is naturally achieved in a practical model with the 2 ↔ 3 symmetry. Thus, for both cases, Models A ′ and B, we consider (e, µ, τ ) = (e 3 , e 1 , e 2 ).
Neutrino mixing matrix
So far, we have used the notation (f 1 , f 2 , f 3 ) for the mass eigenstates of the fundamental fermions f , whose masses m f i have been defined by Eq.(2.9). Hereafter, in order to distinguish the mass-eigenstates (e, µ, τ ) and (ν 1 , ν 2 , ν 3 ) in the conventional notations from the masseigenstates whose masses m i are defined by Eq.(2.9), we denote the states whose masses are defined by Eq.(2.9) as f 0 i . The states (ν 1 , ν 2 , ν 3 ) and (ν e , ν µ , ν τ ), which is the SU(2) L partner of the charged lepton state (e, µ, τ ), are related by
with the neutrino mixing matrix U in the conventional notation. Here, the neutrino mixing matrix U in Eq.(4.1) is given by
On the other hand, as seen in Secs.2 and 3, the mass matrices M ν M † ν and m e L (m e L ) † are diagonalized by unitary matrices
where P (φ) and R(θ) are given by forms (2.8) and (2.3) with tan θ = (D − m 2 1 )/(m 2 2 − D), respectively. When we define the mixing matrix 4) where φ i = φ νi − φ ei , the mixing matrix U 0 does not always denote the observed neutrino mixing matrix U . When we define the observed fermions (e, µ, τ ) and (ν 1 , ν 2 , ν 3 ) as
the observed neutrino mixing matrix U is given by (4.6) where T ijk denotes the exchange operator
However, as we discuss below, the possible choices of T ijk are not so many. (Especially, in the final section, we will conclude that only the case U = T 312 U 0 T T 123 is most likely.) Here, since we can choose φ 1 = 0 without losing generality, the explicit form of the matrix U 0 is given by [3] where s f = sin θ f , c f = cos θ f (f = e, ν), and s 23 , c 23 , α and β are defined as Then, from the relation U e = U e0 T T 312 , the observed neutrino mixing matrix U is described by if we assume that the observed neutrino states are still (ν 1 , ν 2 , ν 3 ) = (ν 0 1 , ν 0 2 , ν 0 3 ) with m ν 3 = 0, i.e. the case corresponds to the inverse hierarchy. (Such an inverted assignment was first proposed by Matsuda and Nishiura [4] .) The case (4.12) predicts 
At present, such a case with φ 2 − φ 3 ≃ π and θ e ≃ π/4 cannot be ruled out.
In the neutrino sector, we have a similar situation. At present, as far as the observed masses m ν i of the neutrinos ν i satisfy the relation (
) with m ν3 = 0 has already been investigated in Eq.(4.12). We can consider a case of the normal hierarchy: (ν 1 ,ν 2 ,ν 3 ) = (ν 3 , ν 1 , ν 2 ). Then, in Model A ′ (and also Model B with c ≃ a), the neutrino mixing matrix U is given by (4.16) with m ν1 = 0, i.e. the normal hierarchy case. In the case (4.16) , the values of the parameters θ ν and θ e are required as c ν ≃ 0 and |s e | ≃ |c e | ≃ 1/ √ 2 from the observed neutrino oscillation data [5, 6] . However, such a case with θ e ≃ π/4 is too accidental, because the parameter θ e is closely related to the charged lepton masses, and such a choice seems to be impossible. Therefore, we consider that the case (4.16) is unlikely.
In contrast to Models A ′ and B, if we consider that the right-handed neutrinos ν R are also transformed as those are 2 ↔ 3 symmetric, i.e. the case (1.5) (hereafter, we refer to it as Model C), the case gives the neutrino mixing matrix U = T ijk U 0 T T lmn . In other words, we cannot obtain any definite predictions from Model C.
Summary
In conclusion, we have investigated a model (Model A) where only the SU(2) L doublet fermions (ν Li , e Li ) have the 2 ↔ 3 symmetry [i.e. the invariance under the transformations (1.6) and ( Of course, we may take an SO(10)-GUT model (Model C), in which the right-handed neutrinos ν Ri will also be transformed as ν R → T 23 ν R , so that we can obtain any value of m ν 0 3 = 0. However, in the SO(10)-GUT model, a more strict constraint on the neutrino mass matrix appears because the neutrino mass matrix form is strictly related to the quark and charged lepton mass mart ices, so that most naive SO(10) models have failed [7] to give reasonable fits for all the masses and mixings in the quark and lepton sectors.
In Table 1 , we have summarized possible GUT scenarios related to the transformation patterns under the 2 ↔ 3 symmetry. (However, in Table 1 , we have classified the cases from the point of view of the transformation property of the fermions. If we assume multi-Higgs scalars which also have some transformation properties under the 2 ↔ 3 symmetry, the list in the Table 1 will be modified. Since such a multi-Higgs model induces a flavor-changing neutral currents (FCNC) problem, we have not investigated such a case in the present paper.) At present, most of minimal SO(10)-GUT models have failed to give realistic quark and lepton masses and mixings. Therefore, the next promising candidate for a realistic mass matrix model is an SU(5)-GUT scenario, in which mass matrix parameters related to ν R are free from those to other fundamental fermions. In the model B, the neutrino mass spectrum with the inverse hierarchy is most likely, and the case predicts the effective electron neutrino mass m νe is of the order of ∆m 2 atm ≃ 0.05 eV, which is within the reach of the next generation experiments of the neutrinoless double beta decay. We hope that the present investigation will be helpful to investigate more explicit model based on a GUT scenario.
